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2 (Second-Order Cone Complementarity Problem, SOCCP)
. SOCCP , (Nonlinear Complementarity
Problem, NCP) 2 :
Find $(x, y,p)\in R^{n}\cross R^{n}\cross R^{\ell}$ such that
$x\in \mathcal{K}$ , $y\in \mathcal{K}$ , $\{x, y\}=0$ , $F(x, y,p)=0$ .
, $\{\cdot,$ $\cdot\rangle$ Euclid , $F$ : $R^{2n+\ell}arrow R^{n+\ell}$
. , $\mathcal{K}$ $\mathcal{K}=\mathcal{K}^{n_{1}}\cross \mathcal{K}^{n_{2}}\cross\cdots\cross \mathcal{K}^{n_{m}}(n_{1}+\cdots+n_{m}=n)$
. $\mathcal{K}^{n_{i}}$ 1 $\mathcal{K}^{n_{i}}:=\{(z_{1}, z_{2})\in R\cross R^{n-1}i|z_{1}\geq||z_{2}\Vert\}$
, $n_{i}$ 2 (SOC) . $||\cdot\Vert$ 2-
, $\mathcal{K}^{1}=R_{+}=\{z|z\geq 0\}$ , $n_{1}=n_{2}=\cdots=n_{m}=1$ , $\mathcal{K}=R_{+}^{n}$ ,
. $l=0$ , $F(x, y,p)=f(x)-y(f:R^{n}arrow R^{n})$ ,
SOCCP NCP .
SOCCP NCP ,
, [1, 3]. , Fukushima,
Luo and Tseng [2] SOCCP Fischer-Burmeister
, .
, $\mathcal{K}=\mathcal{K}^{n}$ , .
2 SOC
, SOC
. $x=(x_{1}, x_{2}),$ $y=(y_{1}, y_{2})\in R\cross R^{n-1}$ , $x\cdot y=$
$(x^{T}y, y_{1^{X}2}+x_{1}y_{2})$ . $x\cdot x=x^{2}$ , $x\in \mathcal{K}^{n}$ , $x^{1/2}$
$x^{1/2}=\{\begin{array}{ll}(\sigma, \frac{x_{2}}{2\sigma}), \sigma=\sqrt{\frac{1}{2}(x_{1}+\sqrt{x_{1}^{2}-\Vert x_{2}\Vert^{2}})} (x\neq 0 \text{ } )0 (x=0 \text{ } )\end{array}$
. , $(x^{1/2})^{2}=x^{1/2}\cdot x^{1/2}=x$ . ,
$x=(x_{1}, x_{2})\in R\cross R^{n-1}$ , $n$ $L_{x}$ Arrow
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:$L_{x}=\{\begin{array}{ll}x_{1} x_{2}^{T}x_{2} x_{1}I\end{array}\}$ .
, $x\in$ int $\mathcal{K}^{n}$ $L_{x}$ . $x=(x_{1}, x_{2})\in R\cross R^{n-1}$
$F$ , $x=\lambda_{1}u^{(1)}+\lambda_{2}u^{(2)}$ . , $\lambda_{1},$ $\lambda_{2}$ $u^{(1)},$ $u^{(2)}$ $x$
, ,
$\lambda_{i}$ $=$ $x_{1}+(-1)^{i}\Vert x_{2}\Vert$ ,
$u^{(i)}$ $=$ $\{\begin{array}{ll}\frac{1}{2}(1, (-1)^{i}\frac{x_{2}}{\Vert x_{2}\Vert}) (x_{2}\neq 0 \text{ } )\frac{1}{2}(1, (-1)^{i}\overline{u}_{2}) (x_{2}=0 \text{ } )\end{array}$
$(i=1,2)$ . $\overline{u}_{2}\in R^{n-1}$ $\Vert\overline{u}_{2}\Vert=1$
.
, SOC SOCCP . , $\hat{\phi}$ : $R^{2n}arrow R^{n}$
, $\hat{\phi}$ SOC :
$\hat{\phi}(x, y)=0$ $\Leftrightarrow$ $x\in \mathcal{K}^{n}$ , $y\in \mathcal{K}^{n}$ , $\langle x,$ $y\}=0$ .
, SOC $\hat{H}$ : $R^{2n+\ell}arrow R^{2n+\ell}$
$\hat{H}(x, y,p):=(\begin{array}{ll}\hat{\phi}(x y)F(x,y,p) \end{array})$
, SOCCP $\hat{H}(x, y,p)=0$
. Fukushima et al. [2] Natural Residual (NR) Fischer-
Burmeister (FB) , SOC :
$\phi_{NR}(x, y):=x-[x-y]_{+}$ ,
$\phi_{FB}(x, y):=x+y-(x^{2}+y^{2})^{1/2}$ .




SOC , . Fukushima
et al. [2] NR , Hayashi et al. [3] Chen




Fukushima et al. $t$ FB $\phi_{t}$ : $R^{2n}arrow R^{n}$
:
$\phi_{t}(x, y):=x+y-(2t^{2}e+x^{2}+y^{2})^{1/2}$ .
, $e=(1,0, \ldots, 0)^{T}\in R^{n}$ .
, $t$ , Chen et al. ,






$H$ : $R^{1+2n+\ell}arrow R^{1+2n+\ell}$ , SOCCP
$H(t, x, y,p)=0$ . ) $\Psi$ : $R^{1+2n+\ell}arrow R$
$\Psi(t, x,y,p):=\Vert H(t, x, y,p)\Vert^{2}=t^{2}+\Vert\phi(t,x, y)\Vert^{2}+\Vert F(x, y,p)\Vert^{2}$
.
$H$ .
1 $w=(w_{1}, w_{2}):=2t^{2}e+x^{2}+y^{2}\in R\cross R^{n-1}$ , $\lambda_{1},$ $\lambda_{2}$ $w$
. , $u:=w^{1/2}$ . , $H$ $R_{++}\cross R^{2n+\ell}$
, ( ) $\nabla H$ :
$\nabla H(t, x, y,p)=[0001I-L_{x}L_{u}^{-1}I-L_{y}L_{u}^{-1}-2te_{0}^{T}L_{u}^{-1}$ $\nabla_{x}F(x,y,p\nabla_{x}\nabla_{p}FF((xx’ yy’ pp\}0,,]$ , (1)
,
$L_{u}^{-1}=\{\begin{array}{ll}-\frac{cw_{2}^{T}}{||w_{2}\Vert} [Matrix] (w_{2}\neq 0 \text{ } )\frac{1}{\sqrt{w_{1}}}I (w_{2}=0 \text{ } )\end{array}$
, $a= \frac{2}{\sqrt{\lambda_{1}}+\sqrt{\lambda_{2}}}fb=\frac{1}{2}(\frac{1}{\sqrt{\lambda_{1}}}+\frac{1}{\sqrt{\lambda_{2}}}),$ $c= \frac{1}{2}(\frac{1}{\sqrt{\lambda_{1}}}-\frac{1}{\sqrt{\lambda_{2}}})$ .
2 $(x, y,p)\in R^{2n+\ell}$ :
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1. rank $\nabla_{p}F(x,$ $y,p)=\ell$ ,
2. $(\xi, \eta, \varphi)\in R^{2n+\ell}$ , $\nabla F(x, y,p)^{T}(\xi, \eta, \varphi)=0$ $\xi^{T}\eta\geq 0$
.
, $t>0$ , (1) $\nabla H(t, x, y,p)$ .
3 $H$ $R^{1+2n+\ell}$ semismooth . , $\nabla F$ $R^{2n+\ell}$
Lipschitz , $H$ $R^{1+2n+\ell}$ strongly semismooth .
4
FB ,
. $s=(t, x, y,p)$ . $\gamma\Vert\overline{s}\Vert<1$ $\overline{s}=$
$(\overline{t},\overline{x},\overline{y},\overline{p})\in R_{++}\cross R^{2n+\ell}$ $\gamma\in(0,1)$ . , $\beta$ : $R^{1+2n+\ell}arrow R_{+}$
$R^{1+2n+\ell}$ $\Omega$ :
$\beta(s):=\gamma\min\{1, \Psi(s)\}$ ,
$\Omega:=\{s=(t, x, y,p)|t\geq\beta(s)\overline{t}\}$ .
, Qi, Sun and Zhou [4] .
4 $H(s)=0$ $\Leftrightarrow$ $\beta(s)=0$ $\Leftrightarrow$ $H(s)=\beta(s)\overline{s}$
, $H(s)=0$ $H(s)=\beta(s)\overline{s}$
. , $H(s)=\beta(s)\overline{s}$ .
1
Step $0$ . $\rho\in(0,1),$ $\sigma\in(0,1/2)$ , $s^{(0)};=(t^{(0)}, x^{(0)}, y^{(0)},p^{(0)})\in\Omega$
. $k:=0$ Stepl .
Step 1. .
Step 2. $d^{(k)}$ $|$ .
$H(s^{(k)})+\nabla H(s^{(k)})^{T}d^{(k)}=\beta(s^{(k)})\overline{s}$.
Step 3. $m$ , $m_{k}:=m$ .
$\Psi(s^{(k)}+\rho^{m}d^{(k)})\leq[1-2\sigma(1-\gamma\Vert\overline{s}||)\rho^{m}]\Psi(s^{(k)})$ . (2)




5 $k\geq 0$ $t^{(k)}>0,$ $s^{(k)}\in\Omega$ ,
$\nabla H(s^{(k)})$ . , (2) $m$ , $s^{(k+1)}$
. , $t^{(k+1)}>0$ $s^{(k+1)}\in\Omega$ .
1 $\{s^{(k)}\}$ . ,
.
1
(Al) $k$ , $\nabla H(s^{(k)})$ .
(A2) $\{s^{(k)}\}$ .
(A3) $\{s^{(k)}\}$ $s^{*}=(t^{*}, x^{*}, y^{*},p^{*})$ , $t^{*}>0$ $s^{*}\in\Omega$ ,
$\nabla H(s^{*})$ .
, .
1( ) AI-A3 . , $\{s^{(k)}\}$
$s^{*}=(t^{*}, x^{*}, y^{*},p^{*})$ $H(s)=0$ . , $(x^{*}, y^{*},p^{*})$ SOCCP
.
2( ) AI-A3 . , $s^{*}=(0, x^{*}, y^{*},p^{*})$
$\{s^{(k)}\}$ , $V\in\partial H(s^{*})$ . ,
$\Vert s^{(k+1)}-s^{*}\Vert=o(\Vert s^{(k)}-s^{*}\Vert)$ , $t^{(k+1)}=o(t^{(k)})$
. , $\nabla F$ Lipschitz ,
$\Vert s^{(k+1)}-s^{*}\Vert=O(\Vert s^{(k)}-s^{*}\Vert^{2})$ , $t^{(k+1)}=O((t^{(k)})^{2})$
. , $\partial H(s^{*})$ $H$ $s^{*}$ Clarke .
5
. Compaq nx9030 , Matlab7 .
, $F(x, y,p)=f(x)-y$ SOCCP, ,
$x\in \mathcal{K}$ , $y\in \mathcal{K}$ , $\langle x,$ $y\rangle=0$ , $y=f(x)$
. , $f$ : $R^{n}arrow R^{n}$ .
, $p$ , $s=(t, x, y)$ . , 2 $\mathcal{K}=$
$\mathcal{K}^{n_{1}}\cross \mathcal{K}^{n_{2}}\cross\cdots\cross \mathcal{K}^{n_{m}}(m, n_{1}, \ldots, n_{m}\geq 1, n=n_{1}+\cdots+n_{m})$ $\mathcal{K}=[n_{1}, n_{2}, \ldots, n_{m}]$
. 1 $\sigma=0.4,$ $\rho=0.5,\overline{t}=2.0$ ,
$\overline{s}=(\overline{t}, 0,0),$ $\gamma=0.4$ , , $\xi$ $[0,5]$ , $(a, b)\in R^{n}\cross R^{n}$
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$[0,1]$ , $(x^{(0)}, y^{(0)}):=\xi(a, b)/\Vert(a, b)\Vert$ . ,
$\Vert H_{FB}(x^{(k)}, y^{(k)})\Vert<10^{-8}$ . , $H_{FB}(x, y)=(\begin{array}{l}\phi_{FB}(x,y)f(x)-y\end{array})$
. 1-6 . , (Iter) (CPU)
, 20 ( )
.
5.1 SOCCP
, $f$ , SOCCP
$x\in \mathcal{K}$ , $y\in \mathcal{K}$ , $\langle x,$ $y\}=0$ , $y=Mx+q$ ,
. , $M\in R^{nxn}$ ( ) ,
$q:=$ 10$\alpha$ $\zeta$ –Me . , $e=(1,0, \ldots, 0)^{T}\in$ int $\mathcal{K}^{n}$ , $\alpha$ [-1, 1]
. , $\zeta\in$ int $\mathcal{K}^{n}$ $\Vert\zeta\Vert=1$ $\zeta:=$




, . , $n=5$
$n=2,$ $\ldots,$ $17$ .
$\{\begin{array}{lllll}1 1 1 1 11 2 3 4 51 3 6 l0 151 4 10 20 351 5 15 35 70\end{array}\}$
1, 2 , $\mathcal{K}$ $\mathcal{K}=[4, n-8,1,1,1,1]$ (6 ) $\mathcal{K}=[n]$ ( )
.
1: $\mathcal{K}=[4, n-8,1,1,1,1]$ 2: $\mathcal{K}=[n]$
1 , , , ,
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, , .
, 2 , , .
$($ 2 $)$ $(r=n-2)$
, $M$ . $M$
rank $M=r$ $r<n$ , $n\cross r$ $B$ , $M$ $:=nBB^{T}/\Vert BB^{T}\Vert$
. , $B$ [-1, 1]
. 3 4 , $r=n-2$ , $\mathcal{K}=[n-4,1,1,1,1]$ (5 ),
$\mathcal{K}=[n/2-2, n/2-2,1,1,1,1]$ (6 ) .
3: $\mathcal{K}=[n-4,1,1,1,1]$ 4: $\mathcal{K}=[n/2-2, n/2-2,1,1,1,1]$




( 3) $(n=300, r=200,150)$
$M$ ,
$n=300$ , $r=200,150$ . , $M$ (
2 $)$ . 5 $\mathcal{K}=[1,1,296,1,1]$ ( $5$ ) .
5: $\mathcal{K}=[1,1,296,1,1]$
5 , $r=150$ $r=200$ ,
. , , $r=200$ ( 2) (
) .
5.2 SOCCP
SOCCP . $f$ : $R^{5}arrow R^{5}$
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$f(x):=(-\exp(x_{1}-x_{3})+5(3x_{2}+5x_{3})/\sqrt{1+(3x_{2}+5x_{3})^{2}}-3x_{4}+5x_{5}24(2x_{1}-x_{2})^{3}+\exp(x_{1}-x_{3})-4x_{4}+x_{5}-x_{1}+7x_{2}-5x_{3}+24x_{1}+6x_{2}+3x_{3}-1)$
, $\mathcal{K}=[3,2]$ . Hayashi et al. [3]
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